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In what follows, only additive abelian groups will be considered. The 
notation and terminology is the same as in [l]. In particular, a cotorsion 
group A, is a group with the property that Ext (Q, A) = 0. Thus a cotorsion 
group need not be reduced. 
The concept of PT-groups, defined as groups A having the property 
that Pext (T, A) = 0 for every torsion group T, was introduced by one 
of the authors ([4]). We state the following results from [a]. 
(i) A is a Pr-group if and only if Pext (Q/Z, A)=O. 
(ii) Ext (C, A) is algebraically compact for every group C if and only if 
A is a Pr-group. 
(iii) A is an algebraically compact group if and only if A is a cotorsion 
P@roup. 
(iv) Torsion-free groups are Pr-groups. 
(v) A mixed group A is a Pr-group if and only if T(A) is a Pr-group. 
In section 1 it is shown that a necessary and sufficient condition for 
Ext (Q/Z, A) to be algebraically compact is that A is a Pr-group. 
If A is a reduced Pr-group, then Ext (Q/Z, A) is the pure-injective 
hull of A (Theorem 5). 
Since the study of Pr-groups is essentially reduced to that of torsion 
groups (see (v) above), section 4 is devoted to torsion Pr-groups. We 
show that a reduced torsion group is a Pr-group exactly if it is closed. 
The correspondence T I+ Ext (Q/Z, T) = C turns out to be one-to-one 
between the class of reduced torsion Pr-groups T and the class of adjusted 
cotorsion groups G which are algebraically compact. 
1. INTR~DuOTI~N AND EXAMPLES 
Let A be a p-group and B= @,“,, B, a basic subgroup of A. For every 
natural number n, B, is the direct sum of cyclic groups of the same order pn. 
A is called closed when A E T [ nrB, B,], ([2], Q 34). A torsion group 
is closed if each of its p-components is closed. 
Theorem 1 of RANOASWAMY [3] can now be restated as follows: 
THEOREM 1. Let A be a reduced cotorsion group. Then the following 
properties are equivalent : 
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(i) A is (reduced) algebraically compact; 
(ii) T(A) is closed; 
(iii) Al = 0; 
(iv) Pext (T, A)= 0 for every torsion group T; 
(v) A is a (reduced) Pr-group. 
COROLLARY 2. Ext (Q/z, A) is algebraically compact if and only if A 
is a Pr-group. 
PROOF: We need only prove the necessity. Assume that Ext (Q/Z, A) 
is algebraically compact. Since Q/Z is torsion Ext (Q/Z, A) is reduced 
and hence Pext (Q/Z, A)= (Ext (Q/Z, A))i= 0 (Theorem 1). Thus A is a 
Pr-group. 
A few examples are appropriate. 
EXAMPLE 1. A = nDhr Z(p) is algebraically compact. 
Hence T(A) = &p Z(p) is a torsion Pr-group which is not cotorsion 
(the latter since T(A) is not bounded). 
EXAMPLE 2. For a fixed prime p, the group A = &N 201”) is neither 
a cotorsion nor a Pr-group. For, we know that A is a basic subgroup of 
T[ n[na~ Q-41. (PI, P. w. 
Thus we have a pure exact sequence 
O-+A+T[ JJ Z(p~)]--+D+O 
nahr 
where D#O is a torsion divisible group. 
This sequence induces the exact sequence 
0= Horn (&/I;, T[ JJ Z(p)]) + Horn (Q/Z, D) + Pext (Q/Z, A) 
V&EN 
and since Horn (Q/Z, D) #O we have Pext (Q/Z, A)#O. Since A is not 
bounded, it cannot be cotorsion. 
EXAMPLE 3. For any group A which is not a Pr-group, Ext (Q/Z, A) 
is an example of a cotorsion group which is not a Pr-group. (See 
Corollary 2). 
2. THE PURE-INJECTIVE HULL OF P+XROUPS 
A group A is called torsion-reduced if T(A) is reduced. Every reduced 
group is torsion-reduced. 
LEMMA 3. A group A is torsion-reduced if and only if Horn (Z($‘), 
A)=0 for every prime number p. 
PROOF: Obviously Horn (Z(p”), A) = Horn (Z@,“), Ap) where A, de- 
notes the p-component of A. It is also clear that Horn (Z(p-), Ap) =0 
if and only if A, contains no direct summand Z(p”). 
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Factor groups of reduced groups are in general not reduced. We know 
however that factor groups of reduced groups modulo pure algebraically 
compact groups are reduced. Concerning factor groups of torsion-reduced 
groups we have 
LEMMA 4. Let A be a torsion-reduced group and B a pure subgroup 
of A. If B is a Pr-group then A/B is torsion-reduced. 
PROOF: From the pure-exact sequence 
O-+B-+A+A/B-+O 
we infer the exactness of the sequence 
Horn (Q/Z, A) + Horn (Q/Z, A/B) --f Pext (Q/Z, B), 
where the first and last groups vanish. Lemma 3 completes the proof. 
THEOREM 5. Let A be a reduced Pr-group. Then 
0 + A + Ext (Q/Z, A) -+ Ext (Q, A) + 0 
is a pure-exact sequence with Ext (Q/Z, A) algebraically compact. More- 
over Ext (Q/Z, A) is a minimal reduced algebraically compact group oon- 
taining A as a pure subgroup. 
PROOF: From the exactness of the sequence 
O-+Z+&+&/Z+O 
follows the exactness of the sequence 
0= Horn (Q, A) -+ Horn (2, A) G A + Ext (Q/Z, A) --f Ext (Q, A) + 0. 
Since Ext (Q, A) is torsion-free, the sequence is pure-exact and by 
Corollary 2 it follows that Ext (Q/Z, A) is an algebraically compact group 
which is also reduced. 
If M is any reduced, algebraically compact group which contains A 
as a pure subgroup, then the pure-exact sequence 
O-+A-+M+M/A-+O 
implies the exactness of the sequence 
Horn (Q/Z, M/A) --f Ext (Q/Z, A) --f Ext (Q/Z, bl). 
In view of Lemma 4 the first group vanishes and from [l], (p. 234) it 
follows that Ext (Q/Z, M) s M. Thus Ext (Q/Z, A) is isomorphic to a 
subgroup of M and the theorem is proved. 
COROLLARY 6. If A is an arbitrary PT-group, A = D @ R with D 
divisible and R reduced, then 
0 --f A --f Ext (Q/Z, R) @ D +- (Ext (Q/Z, R) @ D)/A + 0 
is a pure-exact sequence with the middle group algebraically compact. 
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Moreover, Ext (Q/Z, R) @ D is a minimal algebraically compact group 
containing A as pure subgroup. 
3. TORSION PT-UROUPS 
Since every torsion-free group is a Pr-group and a mixed group is a 
Pr-group if and only if its maximal torsion subgroup is a Pr-group, the 
study of Pr-groups is essentially reduced to that of torsion P~goups. 
LEMMA 7. Let 
O+A-%B-60 B 
be pure-exact. Then the sequence 
O+T(A)&T(B)-T(C)+0 1’ 
of maximal torsion subgroups, with a’ and p the restriction maps, is 
likewise pure-exact. 
PROOF: That a’ is a monomorphism and Im a’ = Ker ,8’ is clear. If 
c E T(C) then c =@ for some b E B. Furthermore n/?b =nc= 0 for some 
natural number n. Thus nb E Ker p=Im 01. If nb=aa, a E A, then since 
OLA is pure in B, there exists an Z E A such that nb = nor& Now b - ad E T(B) 
and /l’(b - (x6) = c so that #?’ is an epimorphism. To see that dT(A) is pure 
in T(B), let nb=Ix’a=ora, a E T(A) and b E T(B). Since CXA is pure in B 
there exists an E E A such that ncxd=aa. Since a E T(A) it follows that 
6 E T(A). Thus na’G=a’a and a’T(A) is indeed a pure subgroup of T(B). 
THEOREM 8. A reduced group is a Pr-group if and only if its torsion 
subgroup is isomorphic to the maximal torsion subgroup of its pure- 
injective hull. 
PROOF: Let A be a reduced Pr-group. From Theorem 5 we have that 
the sequence 
0 --t A + Ext (Q/Z, A) + Ext (Q, A) + 0 
is pure-exact with the group Ext (Q, A) torsion-free. 
Application of Lemma 7 ensures the exactness of 
0 + T(A) --f T[Ext (Q/Z, A)] + T[Ext (Q, A)]=O. 
Thus T(A) s T[Ext (Q/Z, A)] where Ext (Q/Z, A) is the pure-injective 
hull of A. The converse follows from [4]. 
COROLLARY 9. A reduced torsion group A is a Pr-group if and only if 
A gg T[Ext (Q/Z, A)]. 
A reduced cotorsion group is called adjzlsted if it has no non-zero 
torsion-free direct summand. If T is a torsion group then Ext (Q/Z, T) 
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is adjusted cotorsion (Cl], p. 238), and we have a one-to-one correspondence 
T I+ Ext (Q/Z, T) = G between the class of all reduced torsion groups T 
and the class of all adjusted cotorsion groups G ([l], p. 239). Now 
Corollary 9 implies. 
COROLLARY 10. The correspondence A I+ Ext (Q/Z, A) = G is one-to- 
one between the class of all reduced torsion PT-groups A and the class 
of all adjusted cotorsion groups G which are algebraically compact. 
Corollary 10 makes the structure problem of algebraically compact 
adjusted cotorsion groups equivalent to that of reduced torsion PT-groups. 
The following theorem provides us with a very useful1 characterization 
of the latter class of groups. 
THEOREM 11. Let A be a reduced torsion group. Then A is a PT-group 
if and only if A is closed. 
PROOF: In view of Corollary 9 we have the isomorphism A s T[Ext 
(Q/Z, A)] whenever A is a torsion PT-group. By Corollary 2 Ext (Q/Z, A) 
is algebraically compact. Since it is also reduced, application of Theorem 1 
shows that A is closed. 
Conversely, assume that A is closed. Now every p-component of A is 
a PT-group, being the maximal torsion subgroup of some algebraically 
compact group. Hence A is a PT-group. 
Let G be any algebraically oompact adjusted cotorsion group. Since 
G is algebraically compact, its torsion subgroup T is a reduced PT-group 
which is, by Theorem 11, closed. Let for every prime number p, B(p) = 
= &N Bn(P) be a basic subgroup of Tp such that Tp g T[~&N B,,(p)]. 
The following theorem gives some information about G. 
THEOREM 12. If G is an adjusted cotorsion group which is algebrai- 
cally compact, then G is isomorphic to some pure subgroup of 
~IWP j$aN &a@“), containing T[np,p nnGN B,(P)]. 
PROOF : Since G is adjusted cotorsion, we have 
(*) G s Ext (Q/Z, T’) s T1 Ext (Z(P=‘), Tp). 
9OP 
Let p be any prime number and consider the pure-exact sequences: 
O-+T,gT[ l-T B,c P --f JJ B,(p) --f n B,(p)/T[ n B,(P)] + 0 ‘1 
USN t%cN @EN t?cN 
and 
0 + Ext MP”), TP) A Ext (Z($=), l--J B,(P)) --f J(P) + 0 
T&CN 
where J(P) is torsion-free (see [l], p. 224, (M)). Since 
Ext (I;($=‘), -J-J B,(p)) gg JJ Ext (Z($‘), B,(P)) g n: B,(p), 
RIN lb6N nt?N 
229 
the latter sequence becomes 
0 --, Ext MP”), Tp) + J-J B,(p) + J(P) + 0. 
NSN 
From this sequence we now have 
0 -+ II Ext W(P~), Td + JJ J-J- B,(P) --f JJ J(P) -+ 0 
D,tP 8CP PbeN LVCP 
which is also pure-exact. Since 
T( JJ JJ B,(P)) = @ JJ B,(p) E 0 T,=T 
VIP neN DEP nrN 9EP 
and T E T[Ext (Q/Z, T)] (Corollary 9), application of the last exact 
sequence and the isomorphism (*) completes the proof. 
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